Abstract. It is shown that a C 2 flow on a compact three-dimensional manifold that preserves a smooth measure and has a continuous family of cones satisfying a certain invariance property must be ergodic.
Introduction
By the results of M. Wojtkowski [W] , any flow on a compact Riemannian manifold M which preserves a smooth measure and has a measurable family of cones satisfying a certain invariance condition must have at least one nonzero Lyapunov exponent almost everywhere. In the case when M is three dimensional this implies that all Lyapunov exponents (except the one corresponding to the flow direction) are nonzero almost everywhere. It then follows from the theory of Pesin [P] that the flow has an ergodic component of positive measure. Here we prove that if M is three dimensional and we have a continuous family of cones on a connected open subset U of M such that Wojtkowski's invariance condition is satisfied for the flow induced on U, and the orbit of almost every point passes through U, then the flow is ergodic. We show that the stable and unstable foliations guaranteed by [P] fill up (modulo a subset of measure zero) with 'long' leaves some neighborhood of every point in U. The continuity of the family of cones is used to force uniform transversality of stable and unstable manifolds in such neighborhoods.
The main new application of our result is to prove the existence of real analytic ergodic geodesic flows on S 2 [BG2] . V. Donnay [Dl] , [D2] , [D3] had already found C°° geodesic flows on S 2 with nonzero Lyapunov exponents almost everywhere, and he also has written a different proof of ergodicity in the C°° case [D4] , based on an outline in [D2] . His technique seems to involve a direct construction of stable and unstable manifolds for his particular examples.
A. Katok [K] has recently extended our method to higher dimensions. He showed that under similar assumptions on a continuous cone family, symplectic diff eomorphisms and flows preserving a contact form are ergodic and, in fact, Bernoulli. The results of [W] and [P] also apply in this situation. Katok's proof uses a new 'noncontraction' theorem for unstable manifolds that was not needed for our case, in which the unstable manifolds are one dimensional.
An earlier version of the result in the present paper was circulated in [BG1] .
We thank M. Brin and A. Katok for helpful conversations. The second author is grateful to the Sonderforschungsbereich, Gottingen for support and warm hospitality during the time this paper was written.
Formulation of the result
Let M be a C 3 , compact, connected, three dimensional Riemannian manifold and (i a measure on M that is equivalent to the Riemannian volume. Consider a C 2 flow ( p ' o n M that leaves fj. invariant. Let X be the vector field that generates <p' .
A cone X in a real two dimensional vector space is a subset J£=jfc{v, w) = {av + bw. a6>0} where v and w are linearly independent vectors and a, beU. We call lnt(X) = {av + bw: ab>0 or a = 5 = 0} the interior of 3C and %* = {av + bw: ab < 0} the complement of "X. If P is a two dimensional distribution defined on a subset S of M, a family of cones in P over S is a set {3if(x): x e S} such that 3f (x) is a cone in P(x) for each xeS. The family is continuous if S is covered by relatively open subsets S, on each of which there are continuous vector fields t>, and w t with 3C(x) = 3fC(Vi(x), w,(x)) for each xeS*. THEOREM 
Let U ^ M be a connected open set with X{x)^Q for every xeU. Suppose there is a continuous two dimensional distribution P defined on U and a continuous family X(x) of cones in P over U such that (i) P(x) and X(x) span T X M for eachxe U; (ii) d(p'P(x) = P{(p'x) whenever xe Uand <p'xe U; (iii) d<p'3£{x)^J{{(p'x) whenever xe U, cp'xe U and f >0; (iv) for each xeU there is t(x)>0 such that <p' ix) x€U and d(p' (x) 3V(x)c
Then the flow <p' is ergodic with respect to ft on U = \^J {<p'U: teU}.
Remarks, (i) If the orbit of /t-a.e. point of M enters U, then <p' is ergodic on M.
(ii) An analogous theorem holds for diffeomorphisms of surfaces. The proof of Theorem 1.1 carries over easily to this case.
The remainder of this paper is devoted to the proof of Theorem 1.1. In § 2 we summarize and reformulate the results from fP] and [W] that we need. In § 3 we complete the proof of Theorem 1.1.
Stable and unstable manifolds
In the rest of this paper we shall assume the hypothesis of Theorem 1.1.
Osceledec's multiplicative ergodic theorem [O] implies that for /A-a.e. x e M the Lyapunov exponents of v X + (v)= lim -log ||d<p'i;|| and x~(v)= lim -log ||d(p't)|| are defined for every nonzero ve T X M. We then have the following result, which is essentially contained in [W] . (K(x) ) and X~(v)<0 for every velnt (K*(x) 
ifxeAnU. Proof. Properties (i), (ii), (iii) are Osceledec's theorem [O] and property (iv) follows from properties (ii), (iii) and Theorem 2.1.
• Proof. This follows from the analogues for flows of Theorems 4.1, 4.2 and 6.1 of [P] and Theorem 17 of [FHY] . These flow analogues are discussed in § 9 of [P] . ' and \\d<p'w\\> (v) Proof. This follows from the analogues for flows of Proposition 4.1 and Theorems 4.2 and 4.3 in [P] . See § 9 of [P] .
isometric embeddings of [-S(x), 8(x)] into M, whose images V s (x) and V"(x) respectively satisfy the following properties for all x e A: (i) V(x)cW(x);
•
The 'foliations' of local stable and unstable manifolds have the property of absolute continuity. We formulate this only for V", since the situation for V s is analogous.
Let x e A E be a density point of A E , and B a ball with center x. Define a A e -transversal to V"(x) in B to be a C 1 submanifold T of B such that Proof. This follows from the analogue for flows of Theorem 4.4 in [P] .
• COROLLARY 2.6. The function r(e) in Theorem 2.5 may be chosen so that ifxeA e is a density point of A E , the following properties of a measurable set A c B{x, r(e))n A e are equivalent:
. ^ e B(x, r(e)) n A E .
Proo/ It follows from (iii) of Theorem 2.4 that r(e) can be chosen so that for every x e A E , B(x, r(e)) has a C'-foliation in which every leaf is a A E -transversal to V" (x) in B(x, r(e) ( W s (W(x) nA e ) = 0. Since /i(i\U,>o A 1/n ) = 0, it follows that A w » (x) ( W(x) n A) = 0 for /i-a.e. x e A.
(«)=>(/). This follows easily from Corollary 2.6. (i) <£>(»/). The proof is analogous to that of (i)o(ii).
We need one more consequence of absolute continuity. has ip"'xeA M for arbitrarily large t. Since Ue>oA e has full measure in A, the proposition follows from Lemma 2.9 below.
• LEMMA 2.9. For each e > 0, M (A.\A.,,)-»0 as 7,^0. Proof. If not, there is a /*-measurable set BsA E such that )ii(B)>0 and B n A e> , = 0 for every TJ > 0. It follows from Corollary 2.6 that there is y e A c such that A V "(y)(V"(y)nB)>0. Clearly any beV"(y)r\B which is a density point (w.r.t. A V "<v)) °f V"(y)nB is in A ET , for some 17 >0, contradicting the definition of B. D for each ye U x . It follows easily that there is a continuous family of cones 3T~(x) in P over U such that, for each xe U, 3 r ( x ) c int (ar*(*)),
3f(<p'x):fs0 and ?'xe l/}c Int X~(x).
